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Parallel Transport on Higher Loop Spaces
Ivan Horozov
Abstract
We construct a parallel transport on higher loop spaces of a manifold in term
of a higher dimensional generalization of iterated path integrals. Under mild as-
sumptions, we define a de Rham complex on higher loop spaces and we recover a
known result [Ha1] and [Ha2] of a de Rham structure on higher homotopy groups of
a manifold.
The key ingredient is a new definition of iterated integrals on membranes, which
also have applications in number theory [H1], algebraic geometry [H3] and mathe-
matical physics [H4].
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1 Introduction
There has been different attempts to construct higher dimensional analogues of Chen’s
iterated integrals of differential forms over paths. We propose a definition, which is
suitable for several different areas: algebraic and differential topology [DH], algebraic
geometry [H3], number theory [H1], mathematical physics [H4]. In this paper we will be
mostly interested in the topological aspects of the integrals. We are going to construct
a sort of differential geometry on higher order path spaces.
The goal of this paper if to define differential forms on higher loop spaces and a
notion of a parallel transport on higher loop spaces. As a consequence, we construct de
Rham complex on higher loop space, under mild assumptions.
Chen has used iterated path integrals as functions on path spaces. In this paper we
define higher dimensional analogues, which we call iterated integrals over membranes.
They have a natural meaning of functions on higher path spaces.
In a previous paper (see [DH]), we have explored functions on higher order loop spaces
in terms of iterated integrals over membranes, especially, homotopy invariant functions
on higher order loop spaces.
Why are we interested in parallel transport on higher order path spaces?
As a starting point, consider a manifold M and with a connection. We are going to
interpret a parallel transport along a path γ in the spirit of Chen. Then the parallel
transport can be expressed as a generating series of iterated integrals of the 1-form
defining the connection over the path γ. One can think of an iterated integral over a
path γ as a function on the path space
PM =Maps([0, 1],M).
Similarly, we can try to do parallel transport of a path γ0 to γ1 along a membrane
g : [0, 1]2 →M,
such that γ0 is one side of g and γ1 is the opposite side, formally,
γ0(t) = g(0, t)
and
γ1(t) = g(1, t).
We want to parallel transport γ0 along g in order to obtain information at the path γ1.
One can think of g as a function on the 2-path space
P 2M =Maps([0, 1]2,M).
Using lowest order of iteration on a membrane g of a suitable, we express the Riemann
curvature tensor. This idea is developed in [H4], where we consider a minor modification
of the Riemann curvature tensor in order to include spinors.
A connection on the loop space (in terms of gerbes) has been used by Brylinski and
MacLaughlin to construct the Parshin symbol on a surface and prove reciprocity laws for
the symbol [BrMcL]. Similarly, in a separate paper, see [H3], we use iterated integrals
over 2-dimensional membranes for the purpose of the Parshin symbol. Moreover, we con-
struct a new symbol, whose symmetries are the same as the symmetries of the Riemann
2
curvature tensor. This coincidence of symmetries has a reason: Both the Riemann cur-
vature tensor and the new symbol of 4 rational functions on an algebraic surface can be
written as an iterated integral over a 2-dimensional membrane. And the multiplication
among these integrals has the meaning of parallel transport.
More generally, we define a parallel transport on the (n− 1)-path space,
P (n−1)M =Maps([0, 1](n−1),M)
as a iterated integral over an n-dimensional membrane, which is a function on the n-path
space,
PnM.
Besides making a major step towards de Rham structure on higher loop spaces, our
approach gives an alternative approach to gerbes, which is categorical way for dealing
with connections on loop spaces. The theory of gerbes has started from Grothendieck
and Giraud [Gi]. Higher analogies were developed by Lurie [L].
Let us explain the key steps in finding cohomology of higher loop spaces. Given a
topological space (more precisely, a differentiable space, see Definition 2.3) Chen consid-
ered the loop space as the space of continuous and piecewise smooth maps from a circle
S1 with a base point ∗ to a differentiable space X with a base point x1. We use the
notation
Lx1X =Maps((S
1, ∗), (X,x1))
for the loop space with compact-open topology. Let Px1X be the path space
Px1X =Maps([0, 1], (X,x1)),
such that 0 is sent to x1. Let also UX denote the universal cover of a differentiable
space X. Using iterated path integrals of differential forms on X, Chen gave a de
Rham structure on a quotient pi1(X) and on Lx1X, when X is simply connected, or
equivalently to de Rham structure on Lx1UX. In this paper we define iterated integrals
on membranes, which can be interpreted as iterated integrals on differenital forms on
(higher) loop spaces. Then using Chen’s approach, under mild assumptions, we can
give de Rham structure on a quotient of pi1(Lx1UX) = pi2(UX) = pi2(X), using 2-
dimensional iterated integrals. More generally, using n-dimensional iterated integrals,
we give a de Rham structure on a quotient of pi1(LxnU . . . Lx1UX) = . . . = pin(X)
and de Rham complex on Lxn−1U . . . Lx0UX, which has the homotopy type of L
nX =
Maps((Sn, ∗), (X,x1)). There are technical conditions that the manifold X satisfy in
order to make the above conclusions. For example, the cohomology of the (n − 1)-th
loop space H∗(Lxn−1U . . . Lx1UX) has to be of finite type.
For a more categorical construction consult [FV]. The authors have considered an
a n-fold monoidal categories for the study of the n-th loop spaces. In an analology,
in this paper we consider iterated integrals over n-dimensional membranes in order to
examine n-fold loop spaces. A geometric construction for the higher homotopy groups is
considered in [SW], where the authors evaluate Hopf invariants on iterated Whitehead
products in terms of the ’conguration pairing.’
Structure of the paper: In Section 2, recall some of Chen’s work such as iter-
ated path integrals, shuffle relations, parallel transport via iterated integrals, de Rham
structure on pi1(X) and de Rham complex on the loop space of a manifold.
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In Section 3, we define higher dimensional analogue of iterated path integrals, which
we call iterated integrals over membranes. We use them to define a connection on higher
order path spaces.
In Subsection 3.1, we give the the definition of iterated integrals over an n-dimensional
membrane. It is essentially n iterated integrals in n independent directions. It has a
meaning in special relativity as having n observers.
In Subsection 3.2, we define differential forms on higher path spaces and higher loop
spaces, using iterated integrals on membranes, generalizing Chen’s construction to higher
loop spaces.
In Subsection 3.3, we define define and prove shuffle relations analogues to the shuffle
relations for iterated path integrals. The shuffle relations in Proposition 3.1 are slightly
more general than the one considered in [DH]. They play a key role in the parallel
transport on higher order path spaces: In direction of the parallel transport, one considers
cutting as in Subsection 2.7. In all other directions one considers shuffle relations.
In Subsection 3.4, we define a product relation of two integrals over two membranes,
having a common face. This section together with the section on shuffle relations for
iterated integrals on membranes are essential in the next Subsection.
In Subsection 3.5, we formulate the parallel transport on higher path spaces in terms
of iterated integrals on membranes, using product relation in one direction and shuffle
relations in the remaining directions.
In Subsection 3.6, we provide a de Rham structure on higher homotopy groups, under
mild assumptions.
In Subsection 3.7 we construct a de Rham complex on higher loop spaces, based on
Subsections 3.2 and 3.5.
In Section 4, we present a Conjecture that iterated integrals on membrane capture
rational homotopy type together with the Postnikov tower tensored with the rational
numbers.
2 Iterated integrals over paths
2.1 Iterated integrals of 1-forms over paths (overview)
Let ω1, . . . , ωn be differential 1-forms on X. Let γ
γ : [0, 1]→ X.
be a path on X.
Definition 2.1 An iterated integral on 1-forms over a path is defined as∫
γ
ω1 . . . ωn =
∫
. . .
∫
0<t1<...<tn<1
γ∗ω1(t1) ∧ γ
∗ωn(tn).
Let A1, . . . , An be formal non-commuting variable, which commute with differentia-
tion. (One can think of them as any constant square matrices of the same size.) Consider
the connection
∇ = d−
n∑
i=1
Aiωi.
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A parallel transport along γ with respect to the connection ∇ is given by the generating
series
Ψγ = 1 +
∑
i
Ai
∫
γ
ωi +
∑
i,j
AiAj
∫
γ
ωi · ωj + . . . .
Theorem 2.2 Let γ1 and γ2 be two paths such that the end of γ1 is the beginning of γ2.
Then, we have that the composition of generating series of iterated integrals over two
paths is equal to the generation series over the composition of the two paths. That is,
Ψγ1Ψγ2 = Ψγ1γ2 .
2.2 Differential forms on a path spaces
Definition 2.3 (Differentiable space, Chen) A differentiable space X is a Hausdorff
space equipped with a family of maps called plots, which satisfy the following conditions:
(a) Every plot is a continuous map of the type φ : U → X, where U is a convex
region in Rn for some n.
(b) If U ′ is also a convex region (not necessarily of the same dimension as U) and if
i : U ′ → U is a C∞ map, then φi is also a plot.
(c) Each map {0} → X is a plot.
We say that a plot ψ′ : U ′ → X goes through another plot if ψ : U → X via i if there
exists a C∞ map i : U ′ → U such that φ′ = φi.
Definition 2.4 (forms on a differentiable space, Chen) A p-form θ on a differentiable
space X is a rule which assigns to each plot φ : U → X a p-forms θφ on the convex
region U such that, if φ′ is a plot which goes though φ via i, then
θφ′ = i
∗θφ.
Definition 2.5 A piecewise smooth path on a differentiable space X is a continuous
map α : [0, 1] → X such that, for some partition 0 = t0 < . . . < tr = 1 of the unit
interval, each restriction α|[ti−1, ti] is a plot of X.
Let P (X) denote the space of all piecewise smooth paths on X with the compact
open topology. Every map α : U → P (X) gives rise to a map
φα : U × I → X
given by (ξ, t) 7→ α(ξ)(t). A plot on P (X) is defined to be a continuous map α : U →
P (X), U being s convex region, such that, for some partition 0 = t0 < . . . < tr = 1 of
the unit interval, the restriction of φα to each U × [ti−1, ti] is a plot of X.
Let Λp(U) denotes the space of p-forms on the space U . Denote also by Λ∗(U) =
⊕pΛ
p(U).
A Λp(U)-valued function on P (X) is a p-form in Λ∗(U × [0, 1]) of the type
θ(t) =
∑
αi1,...,ip(ξ, t)dξ
i1 ∧ . . . ∧ dξip .
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For a, b ∈ [0, 1] we define
∫ b
a
θ(t)dt =
∑(∫ b
a
αi1,...,ip(ξ, t)dt
)
dξi1 ∧ . . . ∧ dξip ,
which is again a p-valued form of t.
Every (p+1)-form θ on U × [0, 1] can uniquely be written as dt∧ θ′(t)+ θ′′(t), where
θ′(t) and θ′′(t) are respectively Λp(U)-valued and Λp+1(U)-valued functions of t on [0, 1].
Let θ be a (p+ 1)-form on a differentiable space X. If α : U → P (X) is a plot, then
the (p+1)-form θφα , which is piecewise defined on U × [0, 1], can be uniquely written as
dt∧ θ′(t) + θ′′(t), where θ′(t) and θ′′(t) are piecewise defined Λ(U) valued functions of t.
We define
θ(α, α˙) = w′(t),
which is a piecewise defined Λp(U)-valued function of t on [0, 1].
We write Λ+(X) =
∑
p>0Λ
p(X).
If θ1, . . . θr ∈ Λ
+(X), define
∫
θ1 . . . θr ∈ Λ
∗(P (X)) such that, for any plot α : U →
P (X), (∫
θ1 . . . θr
)
α
=
∫ 1
0
θ1(α, α˙)dt . . . θr(α, α˙)dt ∈ Λ
∗(U).
Let
LxX =Maps((S
1, ∗), (X,x))
be the space of piecewise smooth maps with a base point x ∈ X. Let
LX =Maps((S1, ∗),X),
be the total space of loops, whose fiber over a point x ∈ X is LxX.
Lemma 2.6 In Λ∗(LxX), we have
d
∫
θ = −
∫
dθ
and for r > 1
d
∫
θ1 . . . θr =
r∑
i=1
(−1)i
∫
Jθ1 . . . Jθi−1(dθi)θi+1 . . . θr − (2.1)
−
r−1∑
i=1
(−1)i
∫
Jθ1 . . . (Jθ1 ∧ θi+1) . . . θr. (2.2)
2.3 Shuffle relations
Let θ1, θ2, . . . , θm′ . . . , θm′+m′′ be differential forms on X. Let γ be a path on X.
Definition 2.7 Let Sh(m′,m′′) be the set of permutations ρ of the set {1, 2 . . . ,m′+m′′}
such that
ρ(1) < . . . < ρ(m′) and ρ(m′ + 1) < . . . < ρ(m′ +m′′).
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Theorem 2.8 We have∫
γ
θ1 · · · θm′
∫
γ
θm′+1 · · · θm′+m′′ =
∑
ρ∈Sh(m′,m′′)
∫
γ
θρ(1) · · · θρ(m′+m′′).
Definition 2.9 Let Sh(m′,m′′) be the set of permutations ρ of the set
{0, 1, . . . ,m′ +m′′ + 1} such that ρ(0) = 0, ρ(m′ +m′′ + 1) = m′ +m′′ + 1 and
ρ(1) < . . . < ρ(m′) and ρ(m′ + 1) < . . . < ρ(m′ +m′′).
Theorem 2.10 We have [
θ′0(γ(0))
(∫
γ
θ1 · · · θm′
)
θ′m′+1(γ(1))
]
· (2.3)
·
[
θ′′0(γ(0))
(∫
γ
θm′+1 · · · θm′+m′′
)
θ′′m′+m′′+1(γ(1))
]
= (2.4)
= (θ′0 ∧ θ
′′
0)(γ(0))

 ∑
ρ∈Sh(m′,m′′)
∫
γ
θρ(1) · · · θρ(m′+m′′)

 (θ′m′+1 ∧ θ′′m′+m′′+1)(γ(1)). (2.5)
2.4 Parallel transport along a path
The purpose of this Subsection is to make a relation between iterated integrals and
parallel transport. The well accepted notion of parallel transport can be expresses as
a generating series of iterated path integrals of certain type. In some sense, which we
will explain, each iterated integral can be considered as portion of parallel transport. It
will be useful to consider such a portion of the parallel transport in order to make the
analogous construction for higher loop spaces in the next Section.
First, we consider a parallel transport along a path γ, using a connection ∇ = d− θ
of a form w. It is given by
w 7→
(
∞∑
n=0
∫
γ
w ◦ θ◦n
)
θ(γ(1)).
At a finite step the parallel transport is just one of the iterated integrals under the
sum. Namely,
w 7→
(∫
γ
w ◦ θ◦n
)
θ(γ(1)).
2.5 De Rham structure on pi1(X)
Let θi, θij, θijk, . . . be differential forms on X. Let Xi, Xij , Xijk, . . . be formal indeter-
minates. Let
ω = ω1 + ω2 + . . .
be a formal connection, where ω1 =
∑
θiXi, ω2 =
∑
θiθjXiXj + θijXij , . . .. Let
k = k1 + k2 + . . . ,
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be the curvature where
kr = dωr −
r−1∑
i=1
Jωi ∧ ωr−i.
Let L(X) denote the Lie algebra generated formally by X1, . . . ,Xm.
One of the main results of Chen is the following.
Theorem 2.11 (Chen, [Ch]) Let X be a differentiable space. Let W be a vector space
of closed 1-forms on X, representing cohomology classes, with basis {w1, . . . , wm}. Let
V = {v1, . . . , vl} be a basis for W ∧W ⊂ Λ
2(X). Let the coefficients cijk be such that
wi ∧wj =
∑
cijkvk.
Then there exists an epimorphism of Lie algebras
grpi1(X)⊗Z R→ L(X)/(N),
where (N) is the ideal generated by
∑
i,j cijk[Xi,Xj ] for k = 1, . . . , l.
Chen has obtained the above theorem by examining iterated path integrals (see [Ch]).
In [Ch2], he describes the kernel of this map.
2.6 De Rham complex on loop spaces
Let X be a path connected differentiable space. Let A be a differential graded subalgebra
of Λ∗(X) such that dA0 = A1 ∩ Λ0(X). Let A′ be the subcomplex of Λ∗(LxX) spanned
by iterated integrals of the type
∫
θ1 . . . θr ∈ A
+. Let Cˆ∗(X) be the chain complex of
those smooth singular simplices of X that map the 1-skeleton of the simplex to the base
point x0 of X.
Theorem 2.12 (Chen) With the above notation, if the following conditions hold:
(a) as a topological space, X is simply connected, and its singular homology is of
finite type;
(b) the canonical map from Cˆ∗(X) into the normalized singular simplicial chain com-
plex of X is a chain equivalence;
(c) H(A) ≡ H∗(X; k) via Cˆ∗(X),
then H(A′) ≡ H∗(LxX; k).
Lift a differential form θ on X to a differential form θ˜ on LX by the pull-back of
LX → X. Multiplying (as differentially graded algebra) an iterated integral over a loop
by θ˜ is
θ˜x
(∫
θ1 . . . θr
)
|LxX,
where θ˜x is the differential form at the point x and σx is a loop based at the point x.
Globally on LX it will be written as
w = θ
∫
θ1 . . . θr.
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We define
(dw)x = (dθ)x
(∫
θ1 . . . θr
)
|LxX + (Jθ)x
(
d
∫
θ1 . . . θr
)
|LxX.
Let X be a path connected differentiable space. Let A be a differential graded
subalgebra of Λ∗(X) such that dA0 = A1∩Λ0(X). Let LA be the subcomplex of Λ∗(LX)
spanned by iterated integrals of the type θ
∫
θ1 . . . θr ∈ A
+.
Corollary 2.13 If the following conditions hold:
(a) as a topological space, X is simply connected, and its singular homology is of
finite type;
(b) the canonical map from Cˆ∗(X) into the normalized singular simplicial chain com-
plex of X is a chain equivalence;
(c) H(A) ≡ H∗(X; k) via Cˆ∗(X), then H(LA) ≡ H
∗(LX; k).
Proof. It is a direct consequence of Chen’s Theorem and of the fibration
LxX → LX → X.
3 Iterated integrals over membranes
3.1 Definition of iterated integrals on membranes
Consider an n-dimensional unit cube. For each of the directions i = 1, 2, . . . , n of the
edges, cut such an edge by hyperplanes parallel to the one of the faces of the cube.
Let t1i , t
2
i , . . . be variables in the unit interval, corresponding to points inside an edge
in i-direction cut by the hyperplanes. Consider all such tjii ’s for i = 1, . . . , n and ji =
0, 1 . . . , ki.
Formally, let
D = {tjii |0 = t
0
i < t
1
i < t
2
i < · · · < t
ki+1
i = 1; i = 1, . . . , n; ji = 0, . . . , ki + 1}.
Let ki = {0, 1, . . . , ki,+1} and n = {1, 2 . . . , n}. Let
j = (j1, . . . , jn)
be an n-tuple of integers such that 0 ≤ ji ≤ ki + 1 for i = 1, . . . , n. For each such j, let
ωjis a differential form. Let αj = g
∗ωj Let Jj ⊂ n. We define αj(Jj ; t1, . . . , tn) as
αj =
∑
Jj⊂n
αj(Jj ; t1, . . . , tn)
∧
i∈Jj
dti.
Let
βj = αj
(
Jj ; t
j1
1 , . . . , t
jn
n
) ∧
i∈Jj
dt
ρi(j)
i .
We assume the following condition:
(*) Consider the finite union ⋃
j
⋃
i∈Jj
{tjii }.
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We want that the above union is disjoint and moreover, for each I = 1, . . . , n and
ji = 1, . . . , ki, the element t
ji
i occurs exactly once.
When condition (*) is satisfied, we define an iterated integral over a membrane as∫ k,J
g
ω0 . . . ωk =
∫
D
∧
j
βj .
Due to condition (*), we have that each differential form dtjii occurs exactly once
under the integral.
3.2 Differential forms on higher loop spaces
We are going to define differential forms on higher loop spaces of a manifold in two
ways. First, we will give a definition relating differential forms Λ on a manifold X with
differential forms LnΛ on LnX. In the case when n = 1 and X is a differentiable space,
it is done by Chen, (and recalled in Subsection 2.2). Then we are going to prove that
LnΛ = L1(Ln−1Λ).
Let Jj be a subset of {1, 2 . . . , n}. Let ω be a (p + |Jj |)-form on U × [0, 1]
n. Then
there exists unique forms ω′ and ω′′, respectively in Λp+cj(U) and Λp+|Jj |(U × [0, 1]n),
such that
ω =

 ∧
i∈Jj−ρ
−1
i
(0)−ρ−1
i
(ki)
dti

 ∧ ω′ + ω′′,
where ρ−1i (0) and ρ
−1
i (ki) give boundary points in direction i and cj is (codimension of a
face of the n-cube). Formally, cj is the number of i’s where ρ
−1
i (0) ∈ Jj or ρ
−1
i (ki) ∈ Jj .
Let α : U → PnX be a plot. Let ωα be (p+ |J |)-form on X. Express it as
ωα =

 ∧
i∈Jj−ρ
−1
i
(0)−ρ−1
i
(ki)
dti

 ∧ ω′ + ω′′
Let
ω(α, α˙) = ω′
We define a differential form on PnX associated to a plot α on PnX to be∫ ρ,k,J
g
ω1(α, α˙) . . . ωm(α, α˙),
where the degree of ωj(α, α˙) is at least |Jj | − cj .
3.3 Shuffle product
Let k′ = (k′1, . . . , k
′
n), k
′′ = (k′′1 , . . . , k
′′
n) and j = (j1, . . . , jn). Let us define
Sh(k′, k′′) =
n∏
i=1
Sh(k′i, k
′′
i ),
where the product is over all i = 1, . . . , n, of shuffles Sh(k′i, k
′′
i ) as in Definition 2.7
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For j = (j1, . . . , jn), let
ωj = ω
′
j,
and Jj = J
′
j for 1 ≤ ji ≤ k
′
i for all i = 1, . . . , n. And let
ωj = ω
′′
j−k′
and Jj = J
′′
j−k′′ , when k
′
i < ji ≤ k
′
i + k
′′
i for all i = 1, . . . , n. For all remaining values of
the j, set ωj = 1 and Jj = ∅.
Then, apply Theorem 2.8. We obtain
Theorem 3.1 (Shuffle relations) With the above notation, we have(∫ k′,J ′
g
ω′1 . . . ω
′
k′
)(∫ k′′,J ′′
g
ω′′1 . . . ω
′′
k′′
)
= (3.6)
=
∑
ρ∈Sh(k′,k′′)
∫ k,J
g
ωρ(1) . . . ωρ(k′+k′′). (3.7)
Let us define
Sh(k′, k′′) =
n∏
i=1
Sh(k′i, k
′′
i ),
where the product is over all i = 1, . . . , n, of shuffles Sh(k′i, k
′′
i ) as in Definition 2.9 Let
j′ = (j′1, . . . , j
′
n) with 0 ≤ j
′
i ≤ k
′
1+1 and j
′′ = (j′′1 , . . . , j
′′
n) with 0 ≤ j
′′
i ≤ k
′
i+k
′′
i +1. For
σ ∈ Sh(k′, k′′), let θσ(j′) = θ
′
j′ and θσ(j′′) = θ
′′
j′′. For all other indecies j, we let θj = 1.
If σ(j′) = σ(j′′), (which happens only at the vertices of the cube, that is, j′i = 0 or
j′i = k
′
i + 1, similarly for j
′′), then we define θσ(j′) = θ
′
j′ ∧ θ
′′
j′′ .
Theorem 3.2 (Shuffle relations) With the above notation, we have(∫ k′,J ′
g
ω′0 . . . ω
′
k′+1
)(∫ k′′,J ′′
g
ω′′0 . . . ω
′′
k′′+1
)
= (3.8)
=
∑
ρ∈Sh(k′,k′′)
∫ k,J
g
ωρ(0) . . . ωρ(k′+k′′+1). (3.9)
3.4 Product relations over different membranes
Let g′ and g′′ be two membranes (images on n-cubes into a manifold M) with a common
face in direction i = 1. Let ω′1, . . . , ω
′
m′ and ω
′′
1 , . . . , ω
′′
m′′ be differential forms on M . Let
J ′ and J ′′ be multi-indecies as in Subsections 3.1 and 3.2. Let ρ′ and ρ′′ two n-tuples of
permutations as in Subsections 3.1 and 3.2.
Consider two iterated integrals
I1 =
∫ k′,J ′
g′
ω′0 · · ·ω
′
m′+1 and I2 =
∫ ρ′′,k′′,J ′′
g′′
ω′′1 · · ·ω
′′
m′′+1.
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Let
g(t1, t2, . . . , tn) =


g′(2t1, t2, . . . , tn) for 0 < t1 ≤ 1/2
g′′(2t1 − 1, t2, . . . , tn) for 1/2 < t1 < 1
Consider a shuffle product of the integrals I1 and I2 in directions i = 2, 3 . . . , n and
a (non-commutative) product in direction i = 1.
Definition 3.3 We define Sh
1
(k′, k′′) to be a subset of Sh(k′, k′′) such that for ρ =
(ρ1, . . . , ρn) ∈ Sh
1
(k′, k′′) we have that ρ1 is the identity. That is ρ1 an automorphism
of {0, 1, . . . , k′1 + k
′′
1} sending the first k
′
1 + 1 elements to the first k
′
1 elements.
Let also ωj = ω
′
j for j = 1, . . . ,m
′ and ωj+m′ = ω
′′
j for j = 1, . . . ,m
′′.
Consider the sum over all shuffles in directions i = 2, 3, . . . , n, that is, shuffles from
the set Sh
1
(k′, k′′). Using Theorem 2.8 in directions i = 2, 3 . . . , n and Theorem 2.2 in
direction i = 1, we obtain the following.
Theorem 3.4 With the above notation we have∫ k′,J ′
g′
ω′0 · · ·ω
′
k′+1
∫ k′′,J ′′
g′′
ω′′0 · · ·ω
′′
k′′+1 =
∑
ρ∈Sh
1
(k′,k′′)
∫ k,J
g
ω0 · · ·ωm′+m′′+1. (3.10)
3.5 Connection on higher path space
Let Pn = P 1Pn−1X =Maps([0, 1]n,X). Let ω be a p-form on Pn−1X and let θ be a 1-
form on Ln−1X, as defined in Subsection 3.2. We are going to define a parallel transport
of ω along a path γ in the space Pn−1X with respect to a connection ∇ = d − θ. Note
that such a path γ : [0, 1] → Pn−1X is equivalent to a membrane g : [0, 1]n → X. The
parallel transport of ω along γ is
ω 7→
(∫
γ
ω
)
θ(γ(1)) +
(∫
γ
ω · θ
)
θ(γ(1)) + . . .+
(∫
γ
ω · θ·n
)
θ(γ(1)) + . . .
Proposition 3.5 Each of the integrals in the above infinite sum, in the sense of inte-
grals on differentiable spaces, can be expressed as a finite linear combination of iterated
integrals over an n-dimensional membrane.
Let g0 : [0, 1] → X be an any (n − 1)-dimensional membrane, considered as a point
on Pn−1X. Let γ be a path on Pn−1X. Then γ can be considered as a n-dimensional
membrane g : [0, 1]n → X. Let ω and θ be forms on Pn−1X as defined in Subsection 3.2.
In order to obtain the integral
∫
γ
ω · θ·n, we shuffle the (n − 1)-dimensional iterated
integrals ω, θ, . . . , θ in each of the directions i = 1, . . . , n − 1. And we iterate them in
direction of i = n.
Definition 3.6 We define the set Sh
n
(k′, k′′, . . . , k′′) to be the set of shuffles ρ = (ρ1, . . . , ρn) ∈
Sh(k′, k′′, . . . , k′′). For i = 1, . . . , n− 1,
ρi ∈ Sh(k
′
i, k
′′
i , . . . , k
′′
i ),
here we define a shuffle of l + 1 sets ”Sh” in the same way as a shuffle of 2 sets. For
i = n let ρn = id.
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For i = 1, . . . , n− 1, let
ki = k
′
i + k
′′
i + . . .+ k
′′
i .
For i = n, let
kn = l + 1.
Let dtn be the form for the iteration of the forms θ and ω in direction γ. Then dtn occurs
exactly once in the differential form ω. Then dtn occurs exactly at one of ω
′
0
, . . . , ω′
k′
,
say ω′j1 . Similarly, dtn occurs exactly once in the form θ. Then dtn occurs exactly at one
of the forms θ′′
0
, . . . , θ′′
k′′
, say θ′′j2.
Then, for j = 1, . . . ,m′, Jj = J
′
j for j 6= j1, and Jj1 = J
′
j1
∪ {n}; for j = m′ + (a −
1)m′′+1, . . . ,m′+am′′, a = 1, . . . , l−1, we define Jj = J
′
j−m′−am′′ for j−m
′−am′′ 6= j2
and Jj2+m′+am′′ = Jj2 ∪ {n}; for j = m
′ + (l − 1)m′′ + 1, . . . ,m′ + lm′′, we define
Jj = J
′
j−m′−lm′′ .
Theorem 3.7 With the above notation, a parallel transport of a form ω on Pn−1X with
respect to a connection θ on Pn−1X, given at a finite step by
ω 7→
(∫
ω · θ·n
)
θ
is given by a finite linear combination of iterated integrals on a membrane over the
manifold X. Explicitly, it is achieved in the following way. Let
ωg0 =
∫ k′
0
,J ′
0
g0
ω′0 · · ·ω
′
k′+1
and
θg0 =
∫ k′′
0
,J ′′
0
g0
θ′′0 · · · θ
′′
k′′+1.
Then (∫
γ
ω · θ·(l−1)
)
θ =
∑
ρ∈Sh
n
(k′,k′′,...,k′′)
∫ k,J
g
ω0 . . . ωk+1.
3.6 De Rham structure on higher homotopy groups
Recall a notation from Chen. Let Cˆ∗(X) be a chain complex of those smooth singular
simplices of X that map the 1-skeleton of the simplex to the base point x1 of X. Let
Lx0X denotes the space of smooth maps from (S
1, ∗) to (X,x1). Let UX denote the
universal cover of X. Consider the space ULxn−1U . . . Lx1UX.
Using the iterated integrals on membranes from the definitions in Subsections 3.1 and
3.2 we can express a connection on the (n − 1)-loop space by such integrals (Theorem
3.7). Then Chen’s theorem about the fundamental group, Theorem 2.11, leads to the
following.
Theorem 3.8 Let X be a manifold. Let W be a vector space of closed 1-forms on
Lxn−1U . . . Lx1UX, representing cohomology classes, with basis {w1 . . . , wm}. Let V =
{v1, . . . , vl} be a basis for W ∧W ⊂ Λ
2(X). We define the coefficients cijk so that
wi ∧wj =
∑
cijkvk.
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Then there exists an epimorphism of Lie algebras
grpin(X)⊗Z R→ L(X)/(N),
where (N) is the ideal generated by
∑
i,j cijk[Xi,Xj ] for k = 1, . . . , l.
Proof. Clearly pi1(Lxn−1U . . . Lx1UX,xn) = pin(X,x1) and Lxn−1U . . . Lx1UX is a differ-
entiable space, when X is a manifold. Then this Theorem is a consequence of Theorem
2.11.
It will be interesting to examine the kernel of the above map. For that pupose one
can examine the kernel on the level of the fundamental group of a differetiable space and
apply the results of Chen from [Ch2].
3.7 De Rham complex on higher loop spaces
Using the iterated integrals on membranes from the definitions in Subsections 3.1 and
3.2 we can express a connection on the (n − 1)-loop space by such integrals (Theorem
3.7).
Denote by LUΛ∗(X) the de Rham complex on Lx1UX defined via iterated integrals,
when Λ∗(X) is the de Rham complex on X. By induction on the dimension, we define
(LU)nΛ the cochain complex of differential form, in terms of iterated integrals on n-
dimensional membranes, which are maps from a torus such that n− 1 of the generators
of the homology of the torus map to homotopy trivial paths.
Then Chen’s theorem about the fundamental group, Theorem 2.12, leads to the
following.
Theorem 3.9 Assume that
(a) H∗(U(LU)
n−1X,R) is of finite type;
(b) If X is a manifold then the chain complex Cˆ∗(ULxn−1U . . . Lx1UX) is quasi-
isomorphic to C∗(ULxn−1U . . . Lx1UX).
(c) H∗(U(LU)n−1Λ(X)) ∼= H∗(U(LU)n−1X,R);
Then H∗((LU)nΛ∗(X)) = H∗((LxnU . . . Lx1UX).
For the Definition of a chain (ˆC)∗ see Subsection 2.6.
Conjecture 3.10 Conditions (a), (b) and (c) are satisfied for smooth complex quasi-
projective algebraic varieties.
4 Final remarks
In Subsections 3.6 and 3.7, we considered the space Lxn−1U . . . Lx1UX we a higher loop
space. It has the homotopy type of an (n − 1)fold loop space. However the space is
Lxn−1U . . . Lx1UX is a map of (n− 1)-dimensional torus T
n−1 to X, so that n− 2 of the
generators of H1(T
n−1) of the torus map to trivial loops on X, up to homotopy. Let us
define inductively the space of maps from an n-torus to the manifold X
Maps((T n+1, T˙ n+1), (X,x1, . . . , xn+1)) =Maps((S
1, ∗),Maps((T n, T˙ n), (X,x1, . . . , xn)),
where
xn+1 ∈Maps((T
n, T˙ n), (X,x1, . . . , xn))
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and
Maps((T 1, T˙ 1), (X,x1)) =Maps((S
1, ∗), (X,x1)).
Let
Maps((T∞, T˙∞), (X, {xn}))
be the space of maps from an infinite dimensional torus, which factor through a map
from a finite dimensional torus as above.
Conjecture 4.1 (a) The space Maps((T∞, T˙∞), (X, {xn})), together with all its quo-
tients Maps((T n, T˙ n), (X,x1, . . . , xn)) capture the homotopy type of X (together with the
Postnikov tower).
(b) Iterated integrals over membranes on a smooth complex quasi-projective algebraic
variety X capture the rational homotopy type of X together with the Postnikov tower up
to tensoring with the rational numbers.
Reason for the Conjecture: (a) Form Subsections 3.6, it is clear that
Maps((T n, T˙ n), (X,x1, . . . , xn))
capture pii(X), for i = 1, . . . , n, under mild assumptions. Assume that
Maps((T n, T˙ n), (X,x1, . . . , xn)),
captures also rational Postnikov tower up to the (n + 1)-dimensional class. Consider
the map from an (n + 1)-dimensional torus, Maps((T n+1, T˙ n+1), (X,x1, . . . , xn+1)), as
the torus is parametrized by a (n+ 1)-dimensional cube. Then the (n+ 2)-dimensional
cohomology class in the Postnikov tower can be realized as the boundary of a variation
of a function in
Maps((T n+1, T˙ n+1), (X,x1, . . . , xn+1)).
Two of the boundary components are maps from T n+1 and the remaining components
are variations of maps from
Maps((T n, T˙ n), (X,x1, . . . , xn)).
Note that the last space caries information about pi1(X), . . . , pin(X) together with the
Postnilov tower up to the (n+1)-dimensional cohomology class. This variation gives the
(n+ 2)-dimensional cohomology class. More importantly, it gives the induction step for
constructing the Postnikov tower.
(b) From Subsection 3.6, it is clear that iterated integrals on membranes capture
rational homotopy of a smooth complex quasi-projective algebraic variety X. On the de
Rham side ’variation’ means the differential d on functions on higher loop spaces, realized
as iterated integrals on membranes. Not surprisingly, the above described relation is a
type of Stokes theorem.
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